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1. Introduction

Zadeh [1] was the first to generalize crisp set theory as fuzzy set theory, which describes many impossible situations in the
real world. It is a well-known fact that an important role in the development of human thinking with proper language is played
by impossible and imprecise classes.

Fuzzy set theory explains the concepts of ambiguity, and those are quantified and analyzed properly. Thus, fuzzy set theory
research and its application have gained popularity in different areas during the last six decades. Subsequently, the fuzzy set
theory has been found useful in decision-making theory, medical diagnosis, pattern recognition, control theory, etc.

Thus, the theory of fuzzy sets gives perception based on linguistic information, while the theory of probability only provides
uncertainty based on the numerical information of an event. Thus, there are two types of information: the first one is numerical,
e.g. Sita is 27, and the second is linguistic. Hence, we obtain important results in the modeling of uncertainty, vagueness, and
impression, which characterize and increase human knowledge.

Fuzziness is also found in uncertainty, in our judgment, in our words, and in the method of processing information. Thus,
randomness and fuzziness are conceptually and theoretically different [2].

Actually, fuzziness and randomness are two different notions; the first one describes ambiguity, and the second one
describes the occurrence of uncertainty in an event. The concepts of probability theory and fuzzy logic described by Zadeh [3]
are complementary to one another and not competitive. Hence, we can conclude that the concepts of probability and fuzzy logic
are two different but complementary to each other.

1.1 Definitions of crisp set and fuzzy set

Crisp set: A crisp set is a collection of things that satisfies a requisite property, or a set is called a crisp set if every member
either belongs to or does not belong to the set. For example, let the characteristic function be defined as za: X — {01}, then.

B Lif xeA
A0, if xg A
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It is called a crisp set. If in the classical set, the characteristic function has the values either 0 or 1, then the set is also called a
crisp set. Finally, the crisp set is a collection of all those members of the universe of discourse for which ¥a(X) =1 or 0.

Fuzzy set: Zadeh [1] defined a fuzzy set A on a universe of discourse X ={x,X,,...,%,} as given below:

A={(x,up(x))/x € X}, (1.1)

Where is the membership function of, and it describes the degree of X € X . In case it is valued in {0, 1}, then it is called the
characteristic function of a crisp set A.

Membership function X is also called the characteristic function of a fuzzy set, and Singpurwalla and Booker [4] have
explained its role in probability measures of fuzzy sets.

Example 1: ‘Youthfulness’ of people of different ages is an example of the concept of fuzzy sets. Further, let X be the set of
people, and a fuzzy subset of young A is described and denoted as given below:
1, if age(x)<25
Y (x) =4(35-age(x))/10, if 25 < age(x) <35
0, if age(x) > 35

Table 1.2: Numerical values of membership function Y(x)

Person Age(x) Membership value Y(x)
A 20 1.00
B 26 0.90
C 30 0.50
D 34 0.10
E 36 0.00

The above example is explained graphically as given below:
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Figure 1: Representation of the Membership Values Y(x).

1.2 Fuzzy set operations

Generally, we extend crisp operations from the fuzzy set operations. These are just the extensions of crisp concepts with
the condition that the fuzzy sets have only 1 and 0 as the membership values. We enlist these operations as given below,
and for defining them, it is assuming that and are two fuzzy subsets of the universe of discourse with membership functions,
respectively.

Zadeh [1] gave the following notions related to fuzzy sets:

a. Containment: AC B < 5 (X) < pg(X) forallx e X .

b. Equality: A= B < 115 (X) = pg(X) forallx € X .

c. Complement: A =Complement of A< pR(X)=1-pp(X)forallx e X .

d. Union: AU B =Union ofand forallX € X .

e. Intersection: AN B =Intersection of and B < ppg(X)=min{ua(X), pg(x)} forallx € X .

f. Product: AB = Product of and forall X € X .

g.Sum: A+B =Sum of A and B < ppep(X) = ua(X)+ g (X) — ua(X)up(X) forallxe X .
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1.3 Fundamental properties of fuzzy sets

The fundamental properties of fuzzy sets are as follows:

(i) Idempotent law:

ANA=A AUA=A A=A,

(i) Commutative law:

AnB=Bn A, AUB=BUA.

(iii) Associative law:

(AnB)NC=An(BNC); (AuB)uC=AU(BUC)

(iv) Distributive law:

(AnB)uC=(AuC)N(BUC); (AuB)NC=(ANnC)u(BNC).
(v) Absorption law:

AUANB)=AAn(AuB)=A.

(vi) Zero Law:

AuU =U;And=9¢.

(vii) Identity Law:

Aud=AANU = A,

(viii) De Morgan’s law:

AUB=ANB;AnB=AUB.

Next, some important definitions that are frequently used in fuzzy set theory are given below:
(a) Two equal fuzzy sets: Two fuzzy sets A and B are said to be equal if and only
if 1A (X)) = pg(X;); VX € X

(b). Standard fuzzy sets: Fuzzy sets are said to be standard if 25 (%) < 0.5;VX; € X .

(c). Support of a fuzzy set: Let X = {Xl > X9 5uees Xp } be the universal set and A be its subset, then an ordinary set defined
as the set of elements whose degree of membership in A is greater than 0 is called the support of subset A and is written as

Supp(A) = {X; € X / t17(%) > 0}.
2. Fuzzy information measures

Various authors have made several attempts to quantify the uncertainty associated with fuzzy sets. Zadeh [5] introduced the
concept of fuzzy entropy and also called it a measure of fuzziness. Fuzzy entropy is also known as fuzzy information measure,
which is used for measuring the fuzzy information, and thus it is a very important concept.

The measure of the fuzziness as defined has found wide applications in many fields, e.g., image processing, speech recognition,
pattern recognition, bioinformatics, fuzzy aircraft control, feature selection, decision making, medical diagnosis, etc. Fuzzy
measures estimate the average ambiguity in fuzzy sets in some physical phenomena.

Next, the properties that this measure satisfies are discussed in detail. There is no ambiguity about whether an element
belongs to the set or not if the fuzziness of a crisp set using any measure is zero. Similarly, if in a set X, (ﬂA(X) =0.5 VX) holds
for every x, then the set is called maximally ambiguous. Thus, the ambiguity regarding the belongingness of the argument in the
fuzzy set decreases accordingly, and the fuzziness contained would be maximum.
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A fuzzy set A* is called a sharpened version of A if the following condition is satisfied:

My (X) < HA(X);0f 22, (X) < 0.5 and My (X) 2 HA(X);0f 22, (X) 2 0.5
If we consider A”? sharpened version of 4, the fuzziness version shall decrease because sharpening reduces ambiguity. Thus,

the fuzziness measure of a set and its complement is equal, and that is another intuitively desirable property.

Example: If the ambiguity present in the sets TALL and NOT TALL (note that NOT TALL doesn’t mean that it is SHORT) is the

same. However, it may be noted that TALL is not necessarily SHORT. Thus, /UA(Xi ) and give the same degree of fuzziness for all
i=1,2,.n.

Based on the above-mentioned properties, De Luca and Termini (1972) introduced an axiomatic structure of the measure of
n

fuzzy entropy as given below: H(A) = —Z[,uA(xi)log HaX) + (1= pa(x) log(l = pa(x;))] (2.1)
i=1

The following four properties (P1 to P4) are essentially satisfied to be a measure of fuzziness H(A) of a fuzzy set A:
(P1). H(A) is minimum if and only if A is a crisp set, i.e.,

HUa(X%) =0 or1forall x:i=12,.n

(P2) H(A) is maximum if and only if 4 is the most fuzzy set, i.e.,

Ua(x)=0.5 forall X :i=1,2,..n.

(P3))H(A)>H (A*) , which is a sharpened version of 4,

where a fuzzy set A* is the sharpened version of A if the following conditions are satisfied:

ﬂA*(Xi) S UA(X), i 1a (%) <0.5; Vi and

My (Xi) = pa (%) if frp (%) = 0.5;Vi.

(P4) H(A) = H(A), where is the complement of A.

Itis worth mentioning that in case they are members of the universe of discourse, then all lie between 0 and 1, because these
are not probabilities and so their sum is not essentially unity.

However, i =1,2,...n is a probability distribution.
Kaufmann (1980) defined entropy of a fuzzy set A having n support points by
1 n
H(A) =———) D(X)1log D (X 2.2
( ) logniz:; A( |) g A( |) ( )
The fuzzy entropy measures uncertainty due to the fuzziness of information refer to Kapur [6] and probabilistic entropy was

defined to measure the uncertainty contained in probability distribution. Thus, by using the probability theory works in fuzzy
environment helps to deal with uncertainties which arise within the same problem.

Pal and Pal [7] introduced the fuzzy information measure with an exponential function and that later on became the concept
of the rth order entropy of a fuzzy set introduced by him. Thereafter, a survey was made Bhandari and Pal [8] on information
measures on fuzzy sets and characterized some new measures of fuzzy information. Kapur [6], Prakash and Hooda [9,10] also
made a study of new measures of fuzzy information. Hooda and Bajaj [11] have also studied some various generalized additive
and non-additive fuzzy information measures.

Later on, some sub additive trigonometric measures of fuzzy information were defined and characterized by Hooda and
Jain [12] Hooda and Vivek [13] studied fuzzy information measures and their generalizations with applications in detail. They
enumerated the similarities and dissimilarities between the two types of measures namely; fuzzy information measure and
probabilistic information measures.

3. Fuzzy divergence measures

Next those several measures which were proposed and characterized to measure the degree of difference between two fuzzy
sets are considered. Since a measure of fuzzy divergence is the difference between two fuzzy sets; therefore, we can conclude
that the fuzzy divergence measure is nothing but the difference between two fuzzy sets.
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Analogous to Kullback and Leibler [14]’s measure of divergence, Bhandari and Paul [8] introduced the following divergence
measure between two fuzzy sets A and B of universe of discourse X = {Xl s X500y Xy } having the membership values ,UA(Xi )

and g (X;):

I(A:B)=S ogXA%) - () log LA || 3.1)
(A:B) E, Ha(%;) OgyB(Xi)+( “pa (%)) Ogl—ﬂs(xi)

It can be verified that measure 3.1 satisfies the following conditions:

(i) I(A:B)=0
(i) I(A:B)=0if A=B
(iii) 1 (A:B)is a convex function of A and B.

The fuzzy symmetric divergence measure as given below was also defined by Bhandari and Pal [15].

0 X)(1— 1 (X;
I(A:B) = 1(A:B)+1(B: A)= Y| (ua0) - g (x,)) log XA = 5 (5) (3.2)
i1 g (%)= 1a (X))
Another axiomatic definition of a divergence measure for fuzzy sets was considered an important content in fuzzy
mathematics. Since the more attention was invited to research on divergence measures between fuzzy sets; therefore, some
generalized measures of fuzzy divergence were proposed and studied.

Later on, Shang and Jiang (1997) modified the fuzzy divergence measure of Bhandari and Pal [8] as given below:

I3 Ha(%) 1= 2a (%)
D(A:B)=— 31 R
(A:B) n; ﬂA(x.)og(ﬂA(xi)JrﬂB(ij HA() Og(z_ﬂA(Xi)_ﬂB(xi)) (3:3)
2 2

Keeping in view the exponential fuzzy entropy of Pal and Pal [7], the following fuzzy information measure of discrimination
of A against B was proposed by Fan and Xie (1999):

n
I(A,B)= Z[l _(1 — pp(X ))e(ﬂA(Xi )= (%)) _ p (X )e(ﬂs(xi )=HA (% ))} (3.4)
i=1

Let X be a set of universe of discourse and F(X) is the set of all fuzzy subsets, then a mapping D:F(X)xF(X)—>R isa
divergence measure between fuzzy subsets iff the following axioms hold for each A,B,C € F(X):

d;:D(A:B)=D(B:A)

d,:D(A:A)=0

d; :max{D(AUC,BUC),D(ANC,BNC)} < D(A,B)

«

where D(A : B) is assumed as non-negative.

Thereafter, the special classes of divergence measures were studied by various authors and were used as the link between
fuzzy and probabilistic uncertainty. Their particular cases were also studied widely.

Corresponding to Havada-Charvat [15], a fuzzy divergence measure was defined and studied by Hooda [10] as given below:

1 < _ _

| (AB)=—— > T (X () + (1= a ()" (1= s ()~ =11 @ 21, (35)
=l

Parkash et al. [9] proposed and characterized the following fuzzy divergence:

— 1< 1+aup (%) 1+a(l- pa(x))

l,(A:B)=— 1+auy (%)) log——2 + 1 +a(1- up (%)) og————————2:a>0

(A:B) a;{( 1A(X)) S T—— {T+a(l-pa09))} 8 2l (%)) (3.6)

Parkash, et al. [16] also proposed the following measure:

1_ﬂA(Xi):|
e (X 1= g (%)

1,(A:B)= Zn:[,uA(xi)log%+(l—uA(xi )log
i=1 i
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1 . I+aua(x) B : 1+a(l-ua(x))
a Z;{(l +aup(x))log I+ asg (%) +{1+a(1- up(x))}log T a(l= 1% ))} (3.7)

i=
Bajaj, et al. [11] generalized the fuzzy divergences given by Sharma and Mittal (1977) as mentioned below:

J n .
Do (AB) =—— loglu§ (%) * () + (1= ()" (1= 1 ()1, @ # Ler > . (3.8)
“li=l
and
< I 1 =
D, (A.B)= WZ[(#X (g () + (1= pa () (L= g (%)) ) !
—li=l
Here we define some of symmetric and non-symmetric fuzzy divergence measures analogous to probabilistic divergence
measures and inequalities. These were studied by Singh and Tomar [17,18] who also studied a number of refinements of
inequalities among fuzzy divergence measures

—lla#La>0,f#1,>0,(3.9)

Corresponding to Taneja (2008)’s fuzzy divergence measure, Arithmetic-Geometric divergence measure is given by

Ha(X) + 1 (%) lo (up (%) + 1 (%))

n 2 2 X Xi
T(A,B)ZZ \/:UA( |)/JB( I) (3_10)
il +2—ﬂA(Xi)—#B(Xi)log (2— 1a(X%) — pg(%))
2 2J(1= pa ()X~ g (%))
A generalized triangular discrimination between two arbitrary fuzzy sets A and B was described as given below:
4 1 1
A (A B)=Z(uA<xi)—uB<xi)>2“[ Tt - (311)
‘ = (A 00) + g ()Y (2= up0%) = ()

Taneja (2008) proposed a class of measures of fuzzy divergence for two arbitrary fuzzy sets A and B, which is given as below:

p-1

1 n 3 =

D*(AB) =ﬂ2{(ﬂz(xi)ﬂls “ (%) + (1= a (%)) (1 - pig (%)) ")t —1] azla>0,f%.p>0, (3.12)
i

Hooda and Jain [19] also proposed a generalized fuzzy divergence measure with its ambiguity and information improvement.

4. Fuzzy information improvement measures with Their Generalization

Let Pand Q be observed and predicted distributions respectively of a random variable. And R =(r,,r,
probability distribution of Q, then Theil’s (1967) measure of information improvement ia given by

,.....l ) be the revised

I(P:Q) — I(P:R)=) pilnt, (4.1)

i=1 i

(4.1) has found wide applications in economics, accounts and financial management.

Next, let the original fuzzy setis A and its estimated fuzzy set is B set C after the revision, then the original and final ambiguities
are I(4, B) and I(4, C). This tantamount a reduction in ambiguity which is given as follows:
B a(X)

A—pa(X%))
D) In == 4 (1= p (X)) In———="—=1
HabOIn Gy T Al )

where (4.2) is called fuzzy information improvement measure.

I(A,B)fI(A,C):zn:

i=l1

(4.2)

Next, if we consider fuzzy measures of directed divergence given by (3.6), then reduction in ambiguity is given by

1,(AB)~1,(AC)=1,(ABC)
S RO () + (- a0 (1w ()
i=1

DI ROOIE ™ 06) + (0= 1A0§))" (= (4)
i=1
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LIS PACRIE " (0) + (1 —paC)" (g ()™
a—1[T pa0ORe () + 1= pa0)) A —pc ()™

The generalized fuzzy information improvement measure obtained in 4.3 is of order a

(4.3)

On the same lines the reduction in ambiguity corresponding to the fuzzy directed divergence (3.12) is given by

15AB)-15(AC)=12(AB,C) (4.4)

Thus, (4.4) is called the generalized measure of order o and degree S.

5. Fuzzy soft and rough measures

During the last decade the notions of fuzzy soft and rough measures have emerged as the important areas to deal with
uncertainties and ambiguities. The availability of the parameterization tools in these measures has further enhanced the
flexibility of their applications. Thus, these measures are extension of crisp and fuzzy measures which have been introduced
and studied by Pawlak [20] and their applications in decision making have been studied by many authors.

Fuzzy soft information measures are very affective and easy techniques to deal with the uncertainty and vagueness presented
in decision making and medical diagnosis problems. Seema, et al. (2021) has studied their application in dimension reduction
and pattern recognition.

Logarithmic entropy for fuzzy rough set and its application in decision making was proposed by Sharma [21]. The entropy is a
tedious word and is also difficult to understand. Therefore, some authors have now replaced fuzzy entropy by fuzzy information
to make easy to follow.

Hooda and Jain [22] introduced sub additive measures of fuzzy information which had application in medical and social
sciences. A new information measure of a fuzzy set was suggested and characterized by Hooda and Bajaj [23] and called it as
‘useful’ fuzzy information measure. Hooda and Raich [24] unified the existing work of various authors and described various
generalizations of fuzzy information measures with their applications.
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